Abstract-Parallel parking, in general, is a moderate difficulty maneuver. Moreover, for inexperienced drivers, it can be a stressful situation that can lead to mistakes such as being far from the sidewalk or damage another vehicle resulting in traffic tickets that range from simple parking violation to crash-related violations.
I. INTRODUCTION
The parallel parking maneuver requires a moderate degree of driving skills. This process involves three basic steps. First, the vehicle must stop to park (initial position), then the driver has to turn the steering wheel completely to the side where he wants to park and, finally, he has to turn the steering wheel completely to the opposite side. The parallel parking maneuver is shown in Fig. 1 .
The typical mistakes done while parallel parking are diverse. If the vehicle's initial position is far from the other vehicle (which would be at front when the parking has ended), it would end up far from the sidewalk. If the steering wheel is not changed at the right moment, the vehicle would hit the sidewalk and would have little room to move and correct the error.
The first question to answer to properly perform a parallel parking is whether the desired parking space is large enough. This is one of the main reasons why there is not a satisfactory result at the end of the parallel parking. Furthermore, the lack of practice of the drivers usually result in a not perfect parked car. This would cause a domino effect for other vehicles wishing to park, then drag the mistake of one for all.
The development of (automatic) parallel parking solutions has attracted considerable interest in the last 10∼15 years, for both laboratory car-like vehicles and for commercial motorized vehicles. For instance, in [1] , [2] , [3] a practical approach is described to control the motion generation as well as the (autonomous) parallel parking of a car-like vehicle. The driver is supplemented with an automatic steering and velocity control. The car is equipped with a sensor unit, a servo unit and a control unit. The method involves an iteratively repeated Localization-Planning-Execution cycle until a specified location is reached, which is computationally expensive. Furthermore, in [4] the path is provided by a fuzzy logic controller to maneuver the steering angle of the mobile robot. The method is based on sensor navigation and applies fuzzy logic theory to develop a real-time execution program. So, the mobile robot will perform the parallel parking autonomously. If no feasible path is calculated, then the mobile robot won't make a correct parallel parking. Moreover, in [5] a modified version of Trajectory Shaping Guidance (TSG) that is based on missile guidance laws is proposed to solve the parallel parking problem. This method only uses the lateral acceleration to calculate the trajectory considering the constraints of a car-like vehicle. For this method, the environment and the parking space are assumed to be known. The turning angles are calculated from the scene information and the position of the vehicle; if undesirable trajectories are detected, the angles would be corrected and the method calculates the path again.
In the automotive industry, there are systems to parallel park automatically. One of them is found in the Lexus LS 460 L and is called "Intuitive Parking Assist" [6] . Before activating the system, the driver must find a parking space and stop the vehicle as if it were to park manually. Another succesful (commercial) system can be found in the Lincoln MKS, named "Active Park Assist" [7] . This system comes into operation when the vehicle is moving, albeit at a low speed. The driver press a button to activate the sensors and these are responsible for detecting a parking space.
In this paper we propose a computationally effective approach to solve the parallel parking problem, which is based on a geometric analysis of the parallel parking maneuver; such analysis takes into account the geometry of the minimum parking space [8] as well as the geometric description of the path followed by a vehicle in movement, when its steering wheel is (noticeable) turned to a side [9] . Our proposed method needs information about the environment or scene (parked vehicle's location and geometry, sidewalk location and location and geometry of the car that will perform the parallel parking), which is assumed to be extracted from a set of video cameras (e.g. surveillance or CCTV cameras). This paper is organized as follows: in Section II we detail the key results from [8] and [9] , and in Section III we present a simulation of the method applied to a scale model. Next, in Section IV, we present a proofof-concept examples, where our proposed method is used in (an almost) real life scenario. Finally in Section V we give our concluding remarks.
II. METHODOLOGY
Our method is based on the geometric analysis of the parallel parking problem described in [8] , [9] , where the information about the (obstacles) parked vehicle's location and geometry as well as those from the car that will perform the parallel parking is assumed to be known. In Sections III and IV we will elaborate on how such information can be extracted from the vehicle specifications and/or from a set of video cameras recording the scene. On what follows we summarize the key results from [8] and [9] .
A nice geometrical description on how to compute the minimum space needed to park a vehicle in parallel is given in [8] . The Pythagoras theorem is used with the values of the distance between the front and rear wheels, the distance between the front wheels and the front of the car, the minimum radius of curvature of the car and the width of the vehicle that would be in front at the end of the parking process (see Fig. 2 ). However, in the present paper, we choose to use different parameters to those originally proposed in [8] (such as the length of the vehicle instead of the wheelbase, for instance) because of the ease with which they could be estimated by analyzing an image of the vehicle.
The vehicle movement required to make a collision-free parallel parking is explained in detail in [9] . The movement is based on the minimum radius of curvature that the vehicle can make. The steps are divided in two movements, the first is to go backwards with the steering wheel turned to its maximum (to achieve the minimum radius) until the vehicle reaches a point called the turning point. At this point begins the second movement that would be to turn the steering wheel to its maximum but in the opposite direction to the initial, and go backwards until the vehicle is parallel to the sidewalk. Moreover, the description includes the relationship between the distance measure from the initial point to the front vehicle, and location of the turning point, being the latter a function of the former. In this paper we propose to use this relationship, to determine the minimum possible path to make a collision-free parallel parking (i.e. initial position) given the minimum parking space.
In Fig. 2 we first defined the problem's geometry. The vehicle to be parked is depicted by ABCD; the points A and B correspond to the front part of the vehicle, while points D and C correspond to its rear part. Furthermore, points E and F correspond to its front and rear wheels respectively. Additionally, the point X is the vehicle's (imaginary) pivot point when using the minimum radius of curvature of the vehicle. Finally points H and G correspond to the rear part of the front vehicle (the one in front of vehicle ABCD).
The curb to curb turning circle given in the vehicle specifications is twice the length of |EX| (2r); nevertheless, in our method we prefer to use R, the distance from the midpoint of the rear wheel axle and point X (as shown in Fig. 3 ). The wheelbase is wb and the width is w.
In Fig. 4 we show the parameters needed to compute the minimum parking space: the length (L) and width (w) of the vehicle, the distance of the rear wheels and the rear of the car (b) and the minimum radius of curvature of the vehicle (R). As a simplification we will consider that all vehicles have the same width.
Also in Fig. 4 is straightforward to proof that |AX| has the same length as |GX|, where point G is the rear outermost corner of the vehicle parked in front of vehicle ABCD and determines whether a collision-free maneuver is possible. The required minimum distance for a collisionfree maneuver is given by |AH| and therefore the minimum parking space is given by |DA| + |AH|. On what follows we summarize the computation of |AH|; from Fig. 4 it is clear that |GK| = |GX| 2 − |KX| 2 ; furthermore, using the previously described parameters, then:
which after simple algebraic manipulations gives
to finally express
Here we propose to add a safeguard, equal to 10% of the vehicle length, to the parking space to minimize the possibility of a collision due to non-ideal conditions. Accordingly, the minimum parking space is given by (4b):
We now focus our description to the path followed by the vehicle while performing the parallel parking maneuver. In Fig. 5 we depict the initial and final points of the maneuver by (x 4 , y 4 ) and (x 1 , y 1 ) respectively; these points correspond to the coordinates of the midpoint of the rear wheel axle. Next, we notice that the coordinates of point (x 2 , y 2 ) can be inferred from point (x 1 , y 1 ), giving the simple relationships listed in (5a) and (5b):
Similar relationships can be derived for the point (x 3 , y 3 ) based on point (x 4 , y 4 ) (x 4 = x 3 and y 4 = y 3 −R), nevertheless it is also interesting to notice the relationship between point (x 3 , y 3 ) and point (x 2 , y 2 ):
furthermore, replacing (5a) in (6a) and (5b) in (6b) respectively, we get: 
from which it follows that the relationship between the initial point (x 4 , y 4 ) and the desired final point (x 1 , y 1 ) is given by
It is important to notice the role of angle α: α is such that once the vehicle is parked, it is parallel to the sidewalk, and therefore the vehicle should also be parallel to the sidewalk at its initial point. Additionally, the separation between the initial point and the front vehicle is crucial to calculate a minimum path. This feature is shown in Fig. 6 where there are different turning points; moreover y 0 , the distance between the parked vehicle and the vehicle to be parked (see Fig. 5 ), is related to y 4 (the y axis of the initial point) and consenquently to y 1 (the y axis of the final point) via
as a simplification we have considered that all vehicles have the same width.
Finally, from (8b) and (9) we can compute α via 2.R(1 − cos α) = y 0 + w;
as mentioned earlier, α is the angle that minimizes the path follow by the vehicle while performing the parallel parking maneuver. The value of x 4 (the x axis of the initial point) can be computed with this angle to fix the initial point of maneuver. Accordingly, Fig. 7 shows the minimum path as a result of a minimum distance y 0 with respect to the vehicle already parked. 
III. SIMULATION
We have chosen to perform our simulations using real technical specifications from the four best sold cars in Perú [10] (this statistics were collected in November 2010). In Table I we list the technical specifications (for each car) [11] that will be used to carry on the simulations.
The average measurements are calculated from this data so the method will use this as the general data. A scale model was made to make a picture with the average measurements of a car. It is calculated that 1 centimeter in the scale model represent 20 centimeters in the real life. The average and scale measurements are shown in Table II .
In Fig. 8 we show the results of our simulation (done in Matlab). Here we stress that this simulation can be performed for any vehicle, although we have chosen a vehicle with average measurements. Moreover, such simulation will also be used in Section IV to compare the path follow by a real vehicle (performing the parallel parking maneuver) and the minimum path proposed by our method. Finally, we also mention that this simulation could be used to determine road surface markings (in a place where vehicles are intended to be parallel parked) that could aid drivers to perform the parallel parking maneuver.
IV. EXPERIMENTAL DATA
We recorded a video in which three parallel parking (with three different drivers) were performed to test our method. The video was recorded with a Sanyo XACTI HD1010 digital camera [12] at 29.97 fps and 1080p (frames of 1920 × 1080 pixels) in H.264/MPEG-4 AVC format. Since here we intend to provide a simple proof-of-concept example, we did not calibrate the camera intrinsic/extrinsic parameters (previous to the test, see [13] , [14] ). Nevertheless we plan to include such calibration in future works. The three vehicles used in our test were a Volkswagen Bora (see Fig. 9 ), a Suzuki Grand Vitara (see Fig. 10 ) and a Kia Cerato Forte (see Fig. 11 ). The parking space is the minimum (see Section II) computed using the test vehicle measurements; therefore, there is a parking space for each vehicle. During the test, the drivers did not have any type of aid.
From the video of each vehicle (performing the parallel parking maneuver) we have extracted three screenshots that sumarize the maneuver: the first one is at the initial point (see Fig. 9a, Fig. 10a and Fig. 11a ), the next one at the turning point (see Fig. 9b, Fig. 10b and Fig. 11b ) and the last one when the vehicle is in the parking lot (see Fig. 9c, Fig. 10c and Fig. 11c) .
After analyzing the screenshots, it is estimated that the spatial resolution is 1 pixel per 0.7 centimeters. So, the minimum path is calculated according with this representation. In Fig. 9, Fig. 10 and Fig. 11 are shown two paths in each screenshot. The blue path represent the one followed by the driver and the red path represents the one calculated with the proposed method.
The Volkswagen Bora parallel parking maneuver is shown in Fig. 9 . This example shows that the vehicle had to backwards really close to the black one so it can fit in the parking space. It also shows that the vehicle is far from the sidewalk. According to the minimum path, the error begins in the initial point because it is a little far from the grey vehicle and it had to stop a little farther from the black one. In the next examples, the path calculated with the method is modified to show the minimum path according to the distance from the front vehicle made by the driver. The real minimum path was shown in Fig. 9 , because this vehicle was the only one close to the minimum distance from the front vehicle.
The Suzuki Grand Vitara parallel parking is shown in Fig.  10 . This example shows that the vehicle is a little far from the sidewalk. According to the minimum path, the vehicle stopped too far from the black one in the initial point. When the vehicle is in the parking lot, if it had backward more, it would have ended near the sidewalk.
The Kia Cerato Forte parallel parking is shown in Fig. 11 . This example shows that the vehicle is close to the sidewalk, but it is not in parallel position. So, it doesn't have enough space to correct this and it will end far from the sidewalk. According to the minimum path, the vehicle stopped too far from the grey one in the initial point. The actual turning point is after the turning point computed by the method, that is why the vehicle didn't end in parallel position.
After analyzing the graphs, we chose the points from the red path who are almost in the same column as the ones in the blue path and discarded the others. So, we had the same amount of points in each path. Then, the Euclidean distance is calculated between each point of the paths. For each vehicle, the results are in Table III and there is a graph in Fig. 12 .
V. CONCLUSION
In this work, we proposed a computationally inexpensive parallel parking method. This method computes the minimum parking space needed and then the minimum possible path for the parallel parking. It uses real technical specifications from the four best sold cars in Perú and it could be applied for any car. The simulation and experimental data show the effectiveness of the method. We envison several applications for our proposed method: (i) determine road surface markings (in a parking lot) that could aid drivers to perform the parallel parking maneuver, (ii) could also be used to evaluate the effectiveness of the maneuver in the driving test, and (iii) could be used as a supervisor that helps the driver to perform parallel parking (assuming that there is an information flow between the "would be" set of video cameras and the vehicle). In future works we plan to integrate this method with a video camera system as well as to estimate the video cameras intrinsic/extrinsic parameters.
